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Abstract
We consider the complex, massive Klein-Gordon field living in the
noncommutative space, and coupled to noncommutative electromagnetic
fields. After employing the Seiberg-Witten map to first order, we analyze
the noncommutative Klein-Gordon theory as c, the velocity of light, goes
to infinity. We show that the theory exhibits a regular ”magnetic” limit
only for certain forms of magnetic fields. The resulting theory is nothing
but the Schro¨dinger theory in a gravitational background generated by
the gauge fields.
1 Introduction
Gauge theories on noncommutative spaces, which arise as a limit of string the-
ory, exhibit several interesting properties [1, 2]. Noncommutative (NC) spaces
are defined by the commutation relation [xˆµ, xˆν ] = iθµν , where θ is a constant
antisymmetric matrix. Such a commutator amounts to replace the ordinary
products of functions in commutative coordinate space by the Moyal star prod-
uct defined by
f(x) ∗ g(x) = exp
(
i
2
θµν∂yµ∂
z
ν
)
f(y)g(z)
∣∣∣∣
y=z=x
. (1)
This product is noncommutative, associative and highly non-local. Local-gauge
invariant physical observables in ordinary gauge theories, when pass over to
noncommutative spaces, acquire this non-local nature. In fact, it was shown in
[3] that the translation of the gauge fields along the noncommutative directions
is equivalent to gauge transformation plus a constant shift of the gauge field.
To put it differently, a gauge transformation can generate a spatial translation
and that is why we can not have local gauge-invariant observables in NC gauge
theories. This subtle property of NC gauge theories reveals their similarity to
general relativity where translations are equivalent to gauge transformations,
i.e., the general coordinate transformations.
Exploiting the novel mapping—called the Seiberg-Witten map—between the
NC gauge fields and their commutative analogue [1], the analogy to gravity was
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further corroborated in [4]. It was shown that if ordinary fields are employed,
then the analogy with gravity shows up in such a vivid manner that the effect
of noncommutativity can be interpreted as a gravitational background that de-
pends on the dynamical gauge fields. The analogy to gravitational coupling of
the NC theory of scalar fields coupled to NC Uˆ(1) gauge fields was also clearly
established in [4]. The fields considered in [4] are real/complex, massless Klein-
Gordon fields coupled to NC Uˆ(1) gauge fields, and it was shown that after
performing the Seiberg-Witten map, real and complex fields couple to different
gravitational backgrounds and that real field couples more strongly than the
complex field.
In this paper, we consider the nonrelativistic limit of the NC Klein-Gordon
equation for a massive, complex field coupled to NC electromagnetic fields.
This leads to the NC Schro¨dinger equation, which also provides the quantum
mechanical description of nonrelativistic particles. The quantum mechanics on
NC spaces has been studied extensively in the literature because of its relevance
in the one particle sector of NC field theories in the free field, or weak coupling
case [5-20]. In the nonrelativistic sector, the noncommutative systems coupled
to external electromagnetic fields have been dealt with, for example, in [5, 6,
14, 18, 19, 20, 21] but a detailed study in the spirit of [4] is lacking. We provide
here such an analysis.
The paper is organized as follows.
In Section 2, we discuss the massive NC Uˆ(1) gauge invariant NC Klein-
Gordon theory along the lines of [4]. We assume the noncommutativity only
among the spatial coordinates; the temporal coordinate is taken to be commut-
ing with the spatial ones. After employing the Seiberg-Witten map (SW map),
the theory to first order in θ is nothing but the conventional U(1) gauge invari-
ant Klein-Gordon theory in a gravitational background generated by the gauge
fields, and, the mass of the field acquires a field dependent first order correction.
Section 3 is a brief review of the Newton-Cartan spacetime structures that
the nonrelativistic limit of the NC Klein-Gordon theory will have. We provide
only the necessary details that will be used in the rest of the paper.
Finally, in Section 4 we derive the NC Schro¨dinger equation from the SW-
mapped NC Klein-Gordon equation. We employ the method known in the
literature as the high frequency phase factor method [23, 24]. As noted in
[22] for the case of Galilean electromagnetism, two distinct nonrelativistic (NR)
limits—called the magnetic limit and the electric limit—are possible when we
have electromagnetic fields. We consider the magnetic limit. We show that this
limit exists only for specific forms of the magnetic field ( ~B) that need to obey
the condition that ~θ ·∂µ ~B should be zero, where θi is equal to (1/2)ǫijkθjk. The
resulting nonrelativistic equation is the Schro¨dinger equation in a gravitational
background generated by the gauge fields. This equation corresponds to the
generally covariant Schro¨dinger equation (in a special gravitational gauge) that
was originally obtained in [25, 24]. While the underlying geometrical structure
has the regular magnetic limit if and only if ~θ · ∂i ~B is zero, the high frequency
phase factor method gives consistent limit if and only if ~θ · ∂0 ~B vanishes in
addition to ~θ · ∂i ~B being zero. We also compare this NR theory with the one
obtained directly from the conventional U(1) gauge invariant Schro¨dinger theory
deformed via the star product (1), and point out a few drawbacks in the later
one.
2
2 Noncommutative Klein-Gordon Theory
As we are going to deal with the coupling of NC electromagnetic fields with the
NC Klein-Gordon field, the NR limiting process needs to be handled with care.
It was noticed in [22] for the case of conventional Galilean electromagnetism—
the electromagnetic theory that is invariant under Galilean transformations—
that when we have the electromagnetic fields, the limiting process will depend
on the choice of the system of units and that choosing a system in which c enters
in its very definition will lead to inconsistent results. In the case of conventional
Maxwell theory, the way out is to use SI units which does not involve c in its
definition but has it entered through the relation ǫoµoc
2 = 1. But this relation
suggests that we can not directly take the limit c → ∞, since both ǫo and µo
are finite quantities. The limiting process suggested in [22] is to keep one of the
quantities in the theory and eliminate the other by using the relation ǫoµoc
2 = 1
before taking a limit (see also the end of Section 4). Therefore, one will land
up with two different nonrelativistic limits: (i) the magnetic limit in which µo
is kept in the theory, and (ii) the electric limit in which µo is eliminated.
We make use of that technique and write the conventional theory in terms
of µo. When we deal with the NR limit of a relativistic theory, it is conve-
nient to take the Minkowski metric to be diag (ηµν) =
(−1/c2, 1, 1, 1) in the
absence of electromagnetic fields (see, for example, [26]). In the presence of the
electromagnetic fields, we take it to be
diag (ηµν) =
(−1/(µoc2), 1, 1, 1) , (2)
since we consider the magnetic limit. That is, we employ the coordinate 4-
vectors xµ =
(
t/
√
µo, x
i
)
and xµ =
(−√µoc2t, xi). With these forms of covari-
ant and contravariant vectors, the Maxwell tensor becomes
F 0i = Ei/(µoc
2), F ij = ǫijkBk/
√
µo , (3)
and
F0i = −Ei/(µoc2), Fij = ǫijkBk/√µo . (4)
The total action for the Klein-Gordon theory coupled to the ordinary U(1) gauge
field is
Sc = −1
4
∫
d4x
√−ηFµνFµν +
∫
d4x
√−η
[
(DµΦ)
†
(DµΦ) +
m2c2
h¯2
Φ†Φ
]
, (5)
where η is the determinant of ηµν , Fµν = ∂µAν−∂νAµ andDµΦ = ∂µΦ−igAµΦ;
g is the gauge coupling constant. Next, we use the Moyal star product (1) to
get the noncommutative version of (5). We assume that the noncommutativity
exists only among the spatial coordinates, i.e., we take θ0i to be 0. We follow
the Ref. [4] which treats the massless case. The action for the NC Uˆ(1) gauge
field is given by
SA = −1
4
∫
d4x
√−ηFˆµν ∗ Fˆµν , (6)
where Fˆµν = ∂µAˆν − ∂νAˆµ − ig
(
Aˆµ ∗ Aˆν − Aˆν ∗ Aˆµ
)
. For the scalar field,
SΦ =
∫
d4x
√−η
[(
DˆµΦˆ
)†
∗
(
DˆµΦˆ
)
+
m2c2
h¯2
Φˆ† ∗ Φˆ
]
, (7)
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where DˆµΦˆ = ∂µΦˆ − igAˆµ ∗ Φˆ. In this paper, we assume the scalar field to be
complex. The real field has a different minimal coupling to the gauge field [4].
The actions (6) and (7) can be expressed in terms of the ordinary gauge
fields Aµ with Fµν = ∂µAµ − ∂νAµ and the conventional scalar field Φ with
DµΦ = ∂µΦ− igAµΦ through the Seiberg-Witten map. To first order in θ, the
map is [1, 27, 4]
Aˆµ = Aµ − g
2
θαβAα (∂βAµ + Fβµ) , (8)
Φˆ = Φ− g
2
θαβAα∂βΦ. (9)
Employing the map, the action (6) becomes
SA =
−1
4
∫
d4x
√−ηFµρ
{
ηµν − g
[
θµγFγ
ν + θνγFγ
µ +
ηµν
2
θγσFγσ
]}
Fνρ, (10)
which, to first order in θ, can be written as
SA = −1
4
∫
d4x
√−η gµνgρσFµρFνσ, (11)
where
gµν = ηµν − hµν = ηµν −
[g
2
(θµγFγ
ν + θνγFγ
µ) +
g
4
ηµνθγσFγσ
]
. (12)
Defining gµν = ηµν + hµν which to first order satisfies gµλg
λν = δνµ, one can
check that the determinant of gµν is η, since the trace of hµν would vanish.
At this stage, one might think of (11) as the ordinary Maxwell theory coupled
to a field dependent gravitational background. But the background cannot be
treated as fixed since the fields themselves are dynamical [4]. The NC Maxwell
equations, i.e., the corresponding equations of motion for the action (11), are
[28]
∂ ~B
∂t
+∇× ~E = 0, ∇ · ~B = 0,
∂ ~D
∂t
−∇× ~H = 0, ∇ · ~D = 0,
(13)
where
~D =
1
µoc2
[
~E +
e
h¯
(
−(~θ · ~B) ~E + (~θ · ~E) ~B + ( ~E · ~B)~θ
)]
,
~H =
1
µo
[
~B +
e
h¯
(
(~θ · ~B) ~B − (~θ · ~E) ~E + 1
2
( ~E2 − ~B2)~θ
)] (14)
are the constitutive relations.
On the other side, the action (7) takes the form:
SΦ =
∫
d4x
√−η
{
gµν (DµΦ)
†
(DνΦ) +
m2c2
h¯2
[
1 +
g
4
θγσFσγ
]
Φ†Φ
}
. (15)
Note that both (11) and (15) are invariant under ordinary U(1) gauge transfor-
mation. With the redefinition of mass:
m˜ = m
[
1 +
g
8
θγσFσγ
]
, (16)
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the action (15) is written as
SΦ =
∫
d4x
√−η
{
gµν (DµΦ)
†
(DνΦ) +
m˜2c2
h¯2
Φ†Φ
}
. (17)
This action is like that of the Klein-Gordon theory of the ordinary field Φ, with
gauge field dependent mass, coupled to a gravitational background. Indeed, the
Riemann tensor constructed out of gµν does not vanish, and the Ricci tensor
and the scalar curvature do vanish suggesting that the spacetime is not flat [4].
We like to point out that it has been shown in [29] that (6) boils down to the
form (11) to all orders in θ, but there are troubles to establish (17) to all orders
in θ for the massless case1. For the massive case, the problem becomes more
serious because in higher orders the mass term gives rise to derivatives of Φ.
In this paper, we restrict up to the first order terms. The noncommutativity
of spacetime not only causes a field dependent distortion of spacetime, which is
elegantly interpreted using the mathematical tools of general relativity, but also
provides the mass of the ordinary Klein-Gordon field a gauge field dependency.
We denote the Christoffel symbols by {κµν}, and define the covariant deriva-
tive of a vector Xκ to be ∇µXκ = ∂µXκ + {κµν}Xν. Then the minimal cou-
pling to the electromagnetic field in the curved spacetime may be defined by
DµΦ = ∇µΦ− igAµΦ. The Klein-Gordon equation in curved spacetime, then,
takes the form:
gµνDµDνΦ− m˜
2c2
h¯2
Φ = 0. (18)
We are interested in the NR limit of this equation. Since the energy involved in
the NR limit is far less thanmc2, the term involvingmc2 is expected to decouple
in the NR limit. In the case of the conventional Klein-Gordon theory in flat
spacetime, the limiting theory is achieved through the method of eliminating a
high frequency phase factor e−imc
2t/h¯ from the wave function [23]. In curved
spacetime, employing a similar technique, the Klein-Gordon theory has been
shown by Duval and Ku¨nzle [24] to reduce to the Newton-Cartan-Schro¨dinger
equation [25, 24]. Newton-Cartan-Schro¨dinger equation is the generally space-
time covariant version of the Schro¨dinger equation first obtained by Kucharˇ [25],
and later shown by Duval and Ku¨nzle [24], using the language of fiber bundles,
that a prescription of minimal coupling of Newton-Cartan gravitational field to a
complex scalar field leads to the same. The reference [30] gives a coherent review
of the Newton-Cartan theory of gravity and the generally covariant Schro¨dinger
theory, and deals further with the quantum aspects of Newton-Cartan theory to
show that the quantum field theory of Newtonian gravity coupled to Galilean
relativistic matter is exactly soluble. A very brief review of the Newton-Cartan
spacetime structures that the NR limiting theory of (18) will have is provided
in the next Section.
3 The Newton-Cartan Spacetime Structures
Geometrically speaking, the NR limit (c → ∞) can be viewed as a flattening
or opening up of the light cones which would form the spacelike surfaces in the
1We thank Prof. V.O. Rivelles for private communication drawing our attention to the
reference [29] and commenting on this regard.
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NR context. In the NR limit the spacetime structure is the general Galilean
spacetime—a four-dimensional C∞ manifoldM that is endowed with the three
structures: (i) a positive, semi-definite space-metric γµν with signature (0 +
++); (ii) a never vanishing covariant vector field Tµ that corresponds to the
time-metric Tµν = TµTν with signature (+ 0 0 0); (iii) a connection represented
by the smooth covariant derivative ∇µ. The following conditions need to be
satisfied by these three structures [30, 31]:
γµνTν = 0; ∇λγµν = 0; ∇λTµ = 0. (19)
The Galilean structure defined by these conditions is said to be integrable if
∂[λ Tµ] = 0. (20)
The integrability condition locally allows a time function T such that Tµ = ∂µT
[32, 30]. Then the condition ∇λTµ = 0 implies that T is determined up to a
linear transformation T → aT + b, where a (> 0) and b are constants [26].
Linear symmetric Galilean connection Γκµν , such that∇λγµν = 0 and∇λTµ =
0, exists if and only if the structure (γµν , Tµ) is integrable. But the conditions
(19) and (20) determine the Galilean connection Γκµν only up to an antisymmet-
ric tensor Fµν , i.e.,2 [31]
Γκµν =
u
Γκµν + γ
λκ
[
T(µF ν)λ
]
, (21)
where
u
Γκµν is given by
u
Γκµν =
1
2
γλκ
[
∂µ
u
γνλ + ∂ν
u
γλµ − ∂λ
u
γµν
]
+ uκ∂(ν Tµ). (22)
The vector uµ is unit timelike, i.e., uµTµ = 1, and it is interpreted as the four-
velocity observer fields. A vector vµ is spacelike if
√
vµvνTµν = 0, timelike if√
vµvνTµν > 0 and future-oriented if v
µTµ > 0 [30]. The connection
u
Γκµν is a
unique symmetric Galilean connection such that the observer defined by uµ is
geodesic and nonrotating, i.e.,
uµ
u
∇µuν = uµ
(
∂µu
ν +
u
Γνµλu
λ
)
= 0, (23)
γµλ
u
∇λuν = γνλ
u
∇λuµ. (24)
The covariantmetric
u
γµν , relative to the observer u
µ, is uniquely defined through
the relations
u
γµνu
ν = 0,
u
γµνγ
νλ = δλµ − uλTµ, (25)
and it is used to lower indices.
The curvature tensor Rλµνα given by
Rλµνρ =
∂Γλµν
∂xρ
− ∂Γ
λ
µρ
∂xν
+ ΓηµνΓ
λ
ρη − ΓηµρΓλνη (26)
2We employ the symmetrization b(µν) = (bµν + bνµ)/2 and the antisymmetrization b[µν] =
(bµν − bνµ)/2.
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has the following properties pertaining to the Galilean spacetime [31, 30]
γµ(κRλ)µνρ = 0, TλR
λ
µνρ = 0, R
λ
µ(νρ) = 0, R
λ
[µνρ] = 0. (27)
The Ricci tensor and the scalar curvature are, respectively, Rµν = R
λ
µνλ and
R = γµνRµν .
Newton-Cartan connections are special cases of Galilean connections such
that [31]
Rλµ
ν
ρ = R
ν
ρ
λ
µ. (28)
Equivalently, the necessary and sufficient condition for a Galilean connection to
be Newton-Cartan is that [31, 30]
Fµν = ∂µAν − ∂νAµ, (29)
where Aµ is interpreted as the combination of gravitational and inertial po-
tentials with respect to the observer uµ [33]. The connection (21) with the
constraint (29) is invariant under the following transformations:
uµ 7→ uµ + γµνwν ,
Aµ 7→ Aµ + ∂µf + wµ − (uνwν + 1
2
γνλwνwλ)Tµ,
(30)
where f is a smooth function and wµ is a covariant vector which is defined only
modulo Tµ. The transformations (30) are of the gauge group of the Newto-
nian gravitation theory [24, 34]. Note that the pair (uµ,Aµ) helps to uniquely
determine the connection (21), whereas the structure (γµν , Tµ) alone does not.
This suggests that we can consider the structure (M; γµν , Tµ, uν,Aµ) with the
conditions (19), (20) and (29) instead of (M; γµν , Tµ,∇µ) with (19), (20) and
(28) to uniquely define the Newton-Cartan spacetime structures.
4 The Nonrelativistic Limit
We will be making use of the zeroth order in θ of the equations (13) in their
magnetic limit (µoc
2 → ∞). To get them, we expand the fields ~E and ~B in
orders of θ as [35]
~E = ~e + ~E′ + ~E′′ + . . . , ~B = ~b+ ~B′ + ~B′′ + . . . , (31)
substitute them in (13), and take the magnetic limit. The zeroth order equations
of the resulting equations are
∂~b
∂τ
+∇× ~e = 0, ∇ ·~b = 0, ∇×~b = 0, ∇ · ~e = 0, (32)
where τ is the absolute time in the nonrelativistic context. The equations (32)
are the same as the ones in [22].
To discuss the NR limit form of a generally covariant relativistic theory, it
is convenient to choose one fixed local coordinate system and the following one
parameter (λ) family of Lorentz metrics [32, 24]:
gµν = γµν + λ
1
gµν +O(λ2), (33)
gµν = −
(
1
λ
)
TµTν +
0
gµν +O(λ), (34)
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where
1
gµν = −uµuν + kµν , (35)
0
gµν = −2V TµTν + uγµν , (36)
for a spacelike tensor kµν and an arbitrary scalar V . In the limit of flat metric,
a comparison of (34) with (2) tells that λ should be identified with (µoc
2)−1.
The vector uµ in Eqn.(35) is unit timelike [32] and it is of special significance:
Quoting [32], ”Roughly speaking it gives the local time axis of the reference
frames with respect to which one expands the relativistic theories in powers of
λ from their Newtonian limit”. In the NR limit, the expansion of the Christoffel
symbols become
{κµν} = −
2
λ
γρκT(ν ∂ [µ) T ρ] + Γ
κ
µν − (4V γρκ + 2
1
gρκ)T(ν ∂ [µ)T ρ] +O(λ), (37)
where Γκµν is given by
Γκµν =
1
2
γλκ
[
∂µ
u
γνλ + ∂ν
u
γλµ − ∂λ
u
γµν
]
+ uκ∂(ν Tµ) + γ
κρ∂ρV TµTν . (38)
Note that the connection {κµν} constructed out of the metric gµν has a regular
limit as λ → 0 if and only if ∂[λ Tµ] = 0, i.e., if the Galilean structure is
integrable—a theorem proved in [32]. Therefore, in this case the connection
{κµν} takes the form:
{κµν} = Γκµν +O(λ), (39)
where Γκµν , given by (38), is the particular case of (21) for which Aµ = −V Tµ.
In the case of the noncommutative Klein-Gordon theory described by (17),
the induced background gravitational metric is
gµν = ηµν +
[g
2
(
θµγF
γ
ν + θνγF
γ
µ
)
+
g
4
ηµνθ
γσFγσ
]
, (40)
and the inverse metric is given by (12). With the help of (3) and (4), one can
show the components of the metric to be
g00 = −µoc2(1 + g
2
√
µo
~θ · ~B), g0i = g
2
( ~E × ~θ)i,
gij = δij(1 − g
2
√
µo
~θ · ~B) + g
2
√
µo
(
θiBj + θjBi
)
,
(41)
and that of the inverse metric to be
g00 = − 1
µoc2
(1 − g
2
√
µo
~θ · ~B), g0i =
(g
2
)( 1
µoc2
)
( ~E × ~θ)i,
gij = δij(1 +
g
2
√
µo
~θ · ~B)− g
2
√
µo
(
θiBj + θjBi
)
.
(42)
A comparison of the above components with that of (33) and (34) yields, to
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first order in θ, the following explicit forms for Tµ, u
µ, γµν ,
u
γµν , V and k
µν :
Tµ =
(
(1 +
g~θ · ~B
4
√
µo
), 0, 0, 0
)
; (43)
uµ =
(
(1− g
~θ · ~B
4
√
µo
),
−g
2
( ~E × ~θ)i
)
; (44)
γ0µ = 0, γij = (1 +
g~θ · ~B
2
√
µo
)δij − g
2
√
µo
(
θiBj + θjBi
)
; (45)
u
γ00 = 0,
u
γ0i =
g
2
( ~E × ~θ)i, uγij = (1 −
g~θ · ~B
2
√
µo
)δij +
g
2
√
µo
(
θiBj + θjBi
)
.
(46)
The equation (36), together with the definition that
u
γµνu
ν = 0, leads to
V = 0. Therefore,
Aµ = −V Tµ = 0. (47)
The property that kµν is a spacelike tensor, i.e., kµνTν = 0, together with
T0 6= 0 and Ti = 0, determines that kµ0 = 0. Moreover, a comparison of the
expression (35) with the O(λ) term of (42) gives that kij = 0. Therefore, kµν
is also equal to zero.
The explicit forms of the components of the connection constructed from the
metric components (41) and (42) are:
{000} =
g
4
√
µo
~θ · ∂0 ~B +O(λ) +O(θ2), (48)
{0µj} = O(λ) +O(θ2), (49)
{i00} =
1
2
gij
(
1
λ
)
g
2
√
µo
(~θ · ∂j ~B) + g
2
(∂0 ~E × ~θ)i +O(θ2), (50)
{ikl} =
g
4
√
µo
[
θl∂kB
i + θi∂kB
l + θi∂lB
k + θk∂lB
i
−θk∂iBl − θl∂iBk
]
+O(λ) +O(θ2), (51)
{k0j} =
g
4
√
µo
[
−(~θ · ∂0 ~B)δjk + θj∂0Bk + θk∂0Bj
]
+
g
4
[
(∂j ~E × ~θ)k − (∂k ~E × ~θ)j
]
+O(θ2). (52)
We like to draw the reader’s attention to the Eqn.(50) where λ appears in
the denominator, and hence the component {i00} diverges in the limit λ → 0.
It has a regular limit if and only if the factor (~θ · ∂j ~B) becomes zero. This is
also compatible with the theorem previously stated. That is, the integrability
condition ∂λTµ = ∂µTλ gives that
~θ · ∂j ~B = 0. (53)
This condition, being of first order in θ, is peculiar to the noncommutative
theory. In the limit θ → 0, we do not have any such restriction on the form of
~B in the NR limit (see [23]).
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In the limit λ → 0, the components of the Galilean connection (38) are,
then, given by
Γ000 =
g
4
√
µo
~θ · ∂0 ~B; Γ0µj = 0; Γi00 =
g
2
(∂0 ~E × ~θ)i;
Γikl =
g
4
√
µo
[
θl∂kB
i + θi∂kB
l + θi∂lB
k + θk∂lB
i − θk∂iBl − θl∂iBk
]
; (54)
Γk0j =
g
4
√
µo
[
−(~θ · ∂0 ~B)δjk + θj∂0Bk + θk∂0Bj
]
+
g
4
[
(∂j ~E × ~θ)k − (∂k ~E × ~θ)j
]
.
Next, we classify ~θ · ~B that obey the condition (53) into two cases: (i) ~θ · ∂0 ~B
is zero and (ii) ~θ · ∂0 ~B is not zero. For the case (i), the mass (16) becomes a
constant; however, for the case (ii), it becomes a function of time. In the
following, we consider only the case of constant mass, and, at the end of this
Section, we comment on the other case in which the mass is a function of time.
Note that the components of the connection are of first order. Therefore, making
use of (31) and the equations (32), the components of the curvature tensor (26)
are worked out to be:
Rj00l = − g
4
√
µo
[
θl∂0∂0b
j + θj∂0∂0b
l
]
+
g
4
[
(∂0∂l~e× ~θ)j + (∂0∂j~e× ~θ)l
]
;
Rij0l =
g
4
√
µo
[
θi∂j∂0b
l − θj∂i∂0bl
]
+
g
4
[
(∂l∂j~e× ~θ)i − (∂l∂i~e× ~θ)j
]
.
(55)
Other components which are not symmetric to (55) are zero. Moreover, the
Ricci tensor and the scalar curvature vanish. The nonvanishing of the curvature
tensor suggests that the spacetime is not flat. Note that when both ~e and ~b are
constant, the spacetime will not be curved as expected from (40). Incidentally,
a rigid Galilean observer frame defined by, say vµ, needs to satisfy γαβ∇βvµ =
−γαµ∇βvβ [25]. But one can show that the observer frame described by (44)
does not satisfy this requirement suggesting that the frame is not a rigid one.
So far we considered the underlying spacetime structure in the NR limit. To
achieve the NR limit of (18), following [23, 24] we write the field Φ and the time
coordinate x0 as
Φ = e−
iα
λ
x0Ψ, (56)
x0 = T + λ
1
N + λ2
2
N +O(λ3), (57)
where
1
N and
2
N are real scalars, and α is equal to m˜/(h¯
√
µo). The zeroth order
of x0, i.e., T may be chosen to be equal to (1 + g
~θ· ~B
4
√
µo
)(τ/
√
µo). One can also
replace Ψ in (56) with (1+ λ
1
ω +O(λ2))Ψ, 1ω being some real scalar, as used in
[24]. As we are interested only in the zeroth order in λ of (18), the form (56)
suffices our purpose. We write the Klein-Gordon equation (18) as
EKG[Φ] = gµνDµDνΦ− α
2
λ
Φ = 0. (58)
After making use of (33), (39), (56) and (57), EKG becomes
EKG[Φ] = e− iαλ x
0
[(
2α
h¯
)
E [Ψ]− 2iαγµν(∂µ
1
N)(
u
DνΨ) + 2α2uµ(∂µ
1
N)Ψ
+α2γµν(∂µ
1
N)(∂ν
1
N)Ψ− iαγµν(
u
∇µ∂ν
1
N)Ψ +O(λ)
]
= 0,
(59)
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where
u
DµΨ =
u
∇µΨ− igAµΨ and
E [Ψ] = h¯
2α
γµν
u
Dµ
u
DνΨ+ ih¯uµ(
u
DµΨ) + ih¯
2
(
u
∇µuµ)Ψ. (60)
Moreover, it was shown in [24] that in the limit c→∞,
1
N needs to be a constant
in which case (59) reduces to
EKG[Φ] = e− iαλ x
0
[(
2α
h¯
)
E [Ψ] +O(λ)
]
= 0. (61)
Comparing the terms of like powers of λ, the zeroth order equation is given by
E [Ψ] = h¯
2α
γµν
u
Dµ
u
DνΨ + ih¯uµ(
u
DµΨ) + ih¯
2
(
u
∇µuµ)Ψ = 0. (62)
Keeping in mind that
u
Γ = Γ and that ~θ · ∂0 ~B = 0,
u
∇µuµ in the last term can
be shown to be zero. This, finally, leads to the Schro¨dinger equation in the
spacetime defined by the Galilean structure (43), (44), (45) and (47):
E [Ψ] = h¯
2α
γµν
u
Dµ
u
DνΨ+ ih¯uµ(
u
DµΨ) = 0. (63)
When we go from the coordinate structure ( τ√µo , x
i) to (τ, xi), uµ goes to√
µou
µ as it is the four-velocity observer field. In this case, the equation (63)
becomes
h¯2
2m˜
γµν
u
Dµ
u
DνΨ+ ih¯uµ(
u
DµΨ) = 0. (64)
This equation corresponds to the generally covariant Schro¨dinger equation
h¯2
2m˜
γµνDµDνΨ+ ih¯uµ(DµΨ) + ih¯
2
(∇µuµ)Ψ = 0 (65)
obtained by Kucharˇ [25], and Duval and Ku¨nzle [24] (in a special gauge given
by (44) and (47) ). The covariant derivative DµΨ in (65) is defined by DµΨ =
∇µΨ− im˜h¯ AµΨ− igAµΨ.
One can also show that the Lagrangian in (17) goes over to the Lagrangian
for the Schro¨dinger theory in curved spacetime as λ tends to zero (see [24] which
deals with the general Lagrangian):{
gµν (DµΦ)
†
(DνΦ) +
m˜2c2
h¯2
Φ†Φ
}
=
2m˜
h¯2
(L[Ψ]) +O(λ),
where
L[Ψ] = h¯
2
2m˜
γµν (DµΨ)
†
(DνΨ) +
ih¯
2
uµ
(
(DµΨ)
†
Ψ−Ψ† (DµΨ)
)
. (66)
For the sake of completeness, we like to compare this Lagrangian with the one
obtained directly from the Lagrangian for the conventional U(1) gauge invariant
Schro¨dinger theory deformed by the star product (1).
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The action for the conventional Schro¨dinger field coupled to a U(1) gauge
field is
Sc =
∫
d4x
[
h¯2
2m
(DiΨ)
†
(DiΨ) +
ih¯
2
[
(D0Ψ)
†
Ψ−Ψ† (D0Ψ)
]]
.
The NC version is obtained through the star product (1):
S[Ψ] =
∫
d4x
[
h¯2
2m
(DˆiΨˆ)
† ∗ (DˆiΨˆ) + ih¯
2
[
(Dˆ0Ψˆ)
† ∗ Ψˆ− Ψˆ† ∗ (Dˆ0Ψˆ)
]]
.
After making use of the Seiberg-Witten map, the above action boils down to
the form:
S[Ψ] =
∫
d4x
[
h¯2
2m
γij (DiΨ)
† (DjΨ) +
ih¯
2
ui
[
(DiΨ)
†Ψ−Ψ† (DiΨ)
]
+
ih¯
2
(
1− g
~θ · ~B
2
√
µo
)[
(D0Ψ)
†
Ψ−Ψ† (D0Ψ)
]]
,
(67)
where the forms of ui and γij are the same as in (44) and (45), but with one
major difference: the magnetic field is not restricted by any condition like ~θ ·∂µ ~B
should be zero. For the magnetic fields satisfying this condition, the Lagrangian
in (67) can be shown to be equivalent to (66)—up to an overall constant factor.
Therefore, one might be tempted to start from (67) and work towards giving
an interpretation of the theory being embedded in a gravitational background
generated by the gauge fields. But note that such an interpretation, especially
when it comes to Eqn.(20), will be ad hoc and will not be as demanding as it
happens in the derivation of the NR theory from the relativistic theory. For
other forms of the fields, not only the theory lacks an interpretation of various
terms in the Lagrangian, but also it is not furnished with details about which
NR limit it corresponds to. Or rather, the theory being nonrelativistic does not
clearly distinguish between the two NR limits.
Finally, we comment on the case of the time dependent mass in the magnetic
limit, and on the electric limit.
In the case of time dependent mass, if we press on with the high frequency
phase factor method, then we would end up with terms of order 1/λ, which
diverge in the limit λ→ 0. It is precisely for this reason we avoided taking ~θ · ~B
to be a function of t which would have otherwise given an inconsistent limit. To
put it in other words (keeping in mind the condition (53)), for a consistent NR
magnetic limit to exist, ~θ · ∂µ ~B should be zero.
Our consideration of the magnetic limit was based on the existence of the
corresponding smooth limit of the Maxwell equations (13). In the case of con-
ventional Maxwell theory, the mere elimination of µo by using the relation
ǫoµoc
2 = 1 does not lead to a consistent and correct electric limit. A method
has been prescribed in [22] to obtain the theory in the electric limit directly from
the Maxwell equations. To quote [22], ”To obtain the electric limit, express the
relativistic theory in terms of E and a redefined magnetic field B˜ = c2B, keeping
ǫo but eliminating µo (written 1/ǫoc
2), then let c → ∞”. This prescription is
based on the a priori knowledge of the limiting theory formulated using physical
and group theoretical arguments in [22] itself. To understand whether such a
prescription will be applicable in the case of the noncommutative theory, one
needs to construct a consistent electric limit form of the NC electrodynamics.
Perhaps a group theoretical approach along the lines of [22, 32] might provide a
better setting in the case of the electric limit form of the theory. We will report
our progress elsewhere.
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